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Solving agood research question should open more doors than it closes. One of Euler’s lesser
papers, Methodus generalis summandi progressiones (“Generd methods of summing progressons’)
[E25] is more noteworthy for the things it started than the things it finished. The principd role of the
paper is as one of a sequence of papers that led to Euler’ s development of the Euler-Madaurin
summeation formula. That sequence began in 1729 with aletter to Goldbach containing results that Euler
later published in 1738 in [E20], and continued through [E25], [E43], [E46], [E47] up to [ES5],
Methodus universalis series summandi ulterius promota, written in 1736 and published in 1741.

This sequence of papers has awonderful plot. F rst Euler examines the relations between the

partid sums of the harmonic series, 1+ ; +; +% +- +—andthe|ogar|thm function, In n. Then he

n
sharpens these rdations by using the fact that the function 1/x “naturaly expresses’ the terms of the

harmonic series and that (‘5 1 dx =Inn. Heextends hisresultsfirgt to other more generd series of
X

reciprocaslike 1+ik+ ik+ ik+ et ik , then between partia sums of other series of reciprocas and
2° 3

4
their corresponding integrals ¢ Q dx and then to functionsin generd, a f (i) and Qn f(x)dx. Itis

delightful to watch the young Euler sharpen histools and his msghtsfrom oneyeer to the next between
the years 1729 and 1736.

At the end of E25, though, Euler casts a glance in another direction, and poses two series for
which the methods he had used to evauate so many other series do not seem to work:

1+1+1+i+ -+ 1 +etc. mdl+é+—1+i+—1+i+etc

3 7 15 2"-1 3 7 8 15 24 27

The pattern for the second of these seriesis not obvious, but Euler explains that “the generd term

is where a and a denote integers greater than one.” Goldbach had shown that this series sumsto




1, and Euler expanded on Goldbach’s technique in [E72], one of Euler’s greatest papers, to discover the
Euler product formula. See[S, BPV, D].

This month’ s topic, though isthe firgt of these series. 1t comes up again dmost 15 years later in
[E190], Consideratio quarumdam serierum quae singularibus proprietatibus sunt praeditae
(“Congderation of some series which are distinguished by specid properties’). In E190, Euler studies
the series

L x+(1- x)(a- x)+(1- x)(as- x)ﬁ(a2 - x) +(1- x)(a- x)(aZ_ x)(aS_ x) e

1- a a-a’ a’-a a®-a"

Here, the numerators add afactor of a" - x at each term, and the denominators involve exponents thet
are triangular numbers. In modern notation, one might write

Py
k
p O(a - x)
S: a k=0
o a.T(n) _ aT(n+1)

where T(n) isthe nth triangular number, given by T(n) = nx(n + 1)/2.

It takes some thought to recognize what “ specid properties’ might digtinguish this series, even if
we follow 18™" century style and ignore questions of convergence. Adventurous readers may want to
play with the series for afew minutes before reading on.

Notethat if X = a, then thefirgt term equals 1, and dl the rest of the terms are zero, since they
have afactor of a—x in their numerators. Hence s(a) =1.

Further, if x = a® then thefirst term reducesto 1+a and the second term reducesto 1- a, while
al the other terms vanish, so s(az) = 2. Smilarly, Euler observestha s(a”) = n for postivewhole

numbers n, though Euler only shows us the calculations up to n = 3 and clams to have done them
himsdf upton = 5. Later inthe article, Euler gives a proof that s(a”) = n when n isapostive integer,
but at this point he gives only evidence. This evidence, though, naturadly leads to the conjecture that
s(x)=log, X.

But it isn't. Euler demondrates this by showing that, for a = 10, 5(9) = 0.89705 05852 10673
21224 but log 9 = 0.95424 2509 (though the editors of the Opera omnia note that Euler made an error
in hiscdculaion of 5(9). It should be 0.89777 85865 88. It «ill isn'tlog 9.) It isentertaining to check
this using your favorite computer dgebra system.

Euler gpparently picked a = 10 and x = 9 rather charitably. In fact your computer algebra system
can show that most of the time, S(x) and log, X are not very close together at dl. Euler did not have a
computer algebra system. He does have an easier way, not involving gpproximations, to show that s(x)
isnot alogarithm function. Hetakesx = 0, and he “knows’ that log 0 =—¥. On the other hand, for x =
0, his series gives



1+1+1+1+1+etc.

1-a 1l-aa 1-a° 1-a* 1-a

This series has afinite sum, so §(x) cannot be the logarithm function.

Note, though, that this seriesis the negative of one of the series that Euler proposed at the end of
E25, and here again he tdls us, “this series cannot be summed.”

It must have both disappointed and excited Euler that S(x) was not the logarithm function. On
the one hand, if the series wer e the logarithm function, then it would have provided an unusudly fast-
converging means of caculating logarithms. On the other hand, since 5(x) is not the logarithm function,
it challenged one of his basic assumptions. He had two functions, s(x) and log, x thet “neturaly
expressed” the same sequence of numbers,; thet is, they agreed at infinitely many vauesof X, yet they
were not the same function.

Thisisin section 4 of this 32-section article. Euler spends most of the rest of thisarticle
sudying properties of his series, showing how much it redlly does differ from the logarithm functiors,
and aso showing rigoroudy that it does agree with the logarithm function at integer powers of a. Well
omit that, and refer the interested reader to the Mattmueller trandation available on The Euler Archive.
[E190]

Instead, we will legp forward to section 28, where Euler returns to the series from E25,

1 1 1 1 1
+ + + +

+€lC.
a-1 a’-1 a*-1 a*-1 a°-1

Of this, Euler writes (in the Mattmueler trandation), “... for a> 1, even though it isfinite and can
easily be determined by approximations, [it] cannot be expressed nather in rationd nor inirrationd
numbers. It gppears therefore especidly worth the effort that mathematicians investigate the nature of
that transcendental quantity by which its sum isexpressed.” Here, Euler cals“irrationd” what we
would cal “dgebraic”, though he uses the word “transcendentd” in its modern sense.

Unable to express the series exactly, he sets out to give good approximations. He defines anew
series s, not the same one he also denoted by s earlier inthis article, as

1 1 1 1 1
+ + +

+ + etc.
a-z a‘*-z d-z da-z &d8-z

S=

Then the series Euler wants to gpproximate isthe vaue of thisseriesswhen z= 1. He setsto
work on this new series. Euler skips afew steps here that we will put in. The first term of this series can
be expanded into a geometric series as

L

z 7 Z
e

etc.
a> a® a
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e
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Likewise, the second term expands as



The other terms expand smilarly. Euler “reversesthe order of summation” to gather together
like powers of z, and givesussin adifferent form as

1 1 1 1 1
S==+—S+—+++elC
a a a a a
LI
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+7 g_3+_6 +— +T+etc_2+ etc
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This done, Euler uses atrick that he had also used in E25. He knows that most of the error in the
approximation of the sum of a series occursin the first few terms of the series. To reduce this effect, he
takes A to be the sum of thefirs ntermsof s; that is

A=1+1+1+1+m+n1

a-z a’-z a*-z a‘-z a"-z

Thisleaves

s= A+ 1 + 1 + 1 + + 1 + €tc.

n+4

an+l_ 7 an+2_ 7 an+3_ 7 a -7

Euler again expands this into geometric series and collects like terms to get

1 1 1 1 O
$2+2 2+4+ 2n+6 2+8+etc'2
Sa“ a”" a” a”" )

el 1 1
4 8 e g3

+z

1,0
a3n+9 + a.3n+12 +dC. E+ aC.

Each linein this expression is a geometric series, S0 he can sum those to get

1 z Z z

AT (a-2) ' a" (aa- 1)+ a™(a°- 1) T (a*- 1) e

For the series Euler proposed in E25, thecasea =2 and z= 1, thisgives

s= A+ 1 + 1 + 1 + 1 + 1 + etc.

1" 32" 7x 15" 31

He takes n = 4 and so sumsthe first four terms of the seriesto get



A=1+%+1e L 1 540857142857141 .
37 15

Thisisincorrect in the last decimd place, which should bea 3. That makes

1 1 1 1
+ +—S—+———+———+dc
16 16" 8 16° ¥ 16" 45

Euler sumsthefirgt 15 terms of this seriesto get

s= A+0.063638009558149
=1.606695152415291

This agrees exactly with my computer dgebra system for the infinite series.

Thisisthe best Euler can do with that series from E25. He has one last remark, though. If we go
back to the series from the beginning of section 28,

1 + 1 + 1 N 1 N 1
a-1 a’-1 a*-1 a*-1 a°-1

+€tc.

and if we expand each of the terms as geometric series, then collect like powers of a, we get the form

where the nth numerator counts the number of divisors of n. Euler does not try to explain why thisis

true (though it is), but he doestell us that the numerator in the term iﬁ is a4 because the exponent 6
a

has four divisors, namely 1, 2, 3and 6. For prime exponents, the numerator will always be 2, and for
composite exponentsit will ways be grester than 2. These numerators are easy to calculate, and for
the specia casea = 10, it iseasy for usto sum the series.

s:1+i+ 1 + 1 + 1 + etc

9 99 999 9999 99999

Euler gives the sum to 30 decimd places:

$=0.122324243426244526264428344628 .

It is clear that the series has number theoretic properties, but Euler did not pursue them any
farther. Those properties are related to what we now cal g-series. They were extensively studied by
such great mathematicians as Gauss, Cauchy, Jacobi, Sylvester and Ramanujan and are dill of greet
interest today.



I"d like to thank Warren Johnson, now a Connecticut College, for bringing this article to my

attention, for helping me understand its connections with g-series, and for helpful comments on the text

itsf.
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